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Abstract
We develop exceptional field theory for E8p8q, defined on a (3+248)-dimensional gener-
alized spacetime with extended coordinates in the adjoint representation of E8p8q. The
fields transform under E8p8q generalized diffeomorphisms and are subject to covariant
section constraints. The bosonic fields include an ‘internal’ dreibein and an E8p8q-valued
‘zweihundertachtundvierzigbein’ (248-bein). Crucially, the theory also features gauge
vectors for the E8p8q E-bracket governing the generalized diffeomorphism algebra and
covariantly constrained gauge vectors for a separate but constrained E8p8q gauge sym-
metry. The complete bosonic theory, with a novel Chern-Simons term for the gauge
vectors, is uniquely determined by gauge invariance under internal and external gen-
eralized diffeomorphisms. The theory consistently comprises components of the dual
graviton encoded in the 248-bein. Upon picking particular solutions of the constraints
the theory reduces to D “ 11 or type IIB supergravity, for which the dual graviton
becomes pure gauge. This resolves the dual graviton problem, as we discuss in detail.
1 Introduction
In this paper we present the details of the recently announced ‘exceptional field theory’ (EFT) [1]
for the group E8p8q, complementing the construction for E6p6q and E7p7q given in [2] and [3], re-
spectively. The approach is a generalization of double field theory (DFT) [4–9],1 with the goal
to render the dynamics of the complete D “ 11 supergravity [11], and that of type IIB [12,13],
covariant under the exceptional groups that are known to appear under dimensional reduc-
tion [14]. We refer to the introduction of [2] for a more detailed outline of the general ideas,
previous approaches, and extensive references. Here we will mainly present and discuss the
novel aspects relevant for the group E8p8q which brings in some distinctive new features as
compared to the formulations for the smaller exceptional groups.
The E8p8q EFT is based on a generalized 3 ` 248 dimensional spacetime, with the ‘ex-
ternal’ spacetime coordinates xµ and ‘internal’ coordinates YM in the adjoint representation
248 of E8p8q, with dual derivatives BM .
2 The dependence of all fields on the extended 248
coordinates YM is restricted by E8p8q covariant section constraints [16, 17] that project out
sub-representations in the tensor product 248b 248,
`
P1`248`3875
˘
MN
KLBK b BL “ 0 . (1.1)
As in double field theory, this constraint is meant to hold on any fields, parameters, and their
products. This constraint has non-trivial solutions, which break E8p8q to GLp8q or GLp7qˆSLp2q,
for which the EFT reduces to D “ 11 supergravity or type IIB, respectively, for appropriate
reformulations of these theories, as pioneered in [18,19] for E8p8q.
The bosonic field content of the E8p8q EFT is given by 
eµ
a , VM
M , Aµ
M , BµM
(
. (1.2)
It incorporates an external frame field (‘dreibein’) eµ
a, µ “ 0, 1, 2, and an internal generalized
frame field (‘zweihundertachtundvierzigbein’) VM
M , M “ 1, . . . , 248, parametrizing the coset
space E8p8q{SOp16q. From the latter, we may construct the ‘generalized metric’ as MMN “
pVVT qMN . Crucially, the theory also requires the presence of generalized gauge connections
Aµ
M and BµM , in order to consistently describe the complete degrees of freedom and dynamics
of D “ 11 supergravity (necessarily including also some of the dual fields). The theory is
invariant under gauge symmetries with parameters ΛM , ΣM , acting as
LpΛ,ΣqV
M ” ΛKBKV
M ´ 60PMN
K
L BKΛ
L V N ` λ BNΛ
N V M ´ ΣLf
LM
NV
N , (1.3)
on a vector V M of weight λ. The ΛM transformations generate the generalized diffeomorphisms
on the 248-dimensional space, following the definition for the smaller exceptional groups [16]
with P denoting the projector onto the adjoint representation. The ΣM gauge symmetry is a
new feature of the E8p8q EFT and describes a separate E8p8q gauge symmetry, however, with
parameters ΣM that are ‘covariantly constrained’. This means that they obey the same algebraic
constraints as the derivatives in (1.1), for instance PMN
KLΣK b BL “ 0, etc.. As a result,
1See [10] for a review and further references.
2Such generalized spacetimes also appear in the proposal of [15].
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most of the components vanish after explicitly solving the section constraints, and the E8p8q
gauge symmetry is much smaller than is apparent from (1.3) (as it should be, for otherwise all
fields encoded in the E8p8q{SOp16q coset space would be pure gauge). This additional gauge
symmetry is necessary for consistency. For instance, the generalized diffeomorphisms in (1.3)
with parameter ΛM do not close into themselves which has been recognized as an obstacle
in [16, 17]. They do however close in presence of the additional covariantly constrained gauge
symmetry that constitutes a separate invariance of the theory. In other words, invariance of an
action under generalized diffeomorphisms ΛM implies its invariance under further ΣM gauge
transformations, as we shall explicitly confirm. This type of gauge structure has first been
revealed in the baby example of an SLp2q covariant formulation of four-dimensional Einstein
gravity [20].
The constraints on the gauge parameter ΣM imply that also the associated connection
BµM is covariantly constrained in the same sense, i.e. it satisfies PMN
KLBµK b BL “ 0, etc..
Such covariantly constrained compensating gauge fields are a generic feature of the exceptional
field theories and show up among the pD ´ 2q-forms (with D counting the number of external
dimensions). Therefore in D “ 5, these fields do not even enter the Lagrangian [2], in D “ 4
they appear among the 2-forms with Stu¨ckelberg coupling to the Yang-Mills field strengths [3],
while in D “ 3 they feature among the vector fields and thus directly affect the algebra of gauge
transformations (1.3). In all cases, these constrained gauge fields are related to the appearance
of the dual gravitational degrees of freedom as we discuss shortly.
The full E8p8q covariant action is given by
S “
ż
d3x d248Y e
ˆpR` e´1LCS ` 1
240
gµνDµM
MNDνMMN ´ V pM, gq
˙
, (1.4)
and closely resembles the structure of three-dimensional gauged supergravities [21]. The various
terms comprise a (covariantized) Einstein-Hilbert term, a Chern-Simons-type term for the gauge
vectors, a covariantized kinetic term for the E8p8q{SOp16q coset fields, and a ‘potential’ V . The
Chern-Simons term is a topological term that is needed to ensure the proper on-shell duality
relations between ‘scalars’ and ‘vectors’. The potential depends only on ‘internal’ derivatives
BM and can be written in a manifestly E8p8q covariant form as follows
V pM, gq “ ´
1
240
MMNBMM
KL BNMKL `
1
2
MMNBMM
KLBLMNK (1.5)
`
1
7200
fNQP f
MS
RM
PKBMMQKM
RLBNMSL
´
1
2
g´1BMg BNM
MN ´
1
4
MMNg´1BMg g
´1BNg ´
1
4
MMNBMg
µνBNgµν .
Its form is determined such that it leads to a gauge invariant action both w.r.t. the ΛM and ΣM
gauge transformations of (1.3). Previous attempts to construct an E8p8q covariant formulation
(of truncations of D “ 11 supergravity) missed the second line of (1.5) involving the explicit
E8p8q structure constants f
MN
K [22]. This term is indispensable for gauge invariance of the
potential V and for the match with D “ 11 supergravity as we shall explain. All four terms in
the action (1.4) are seperately gauge invariant w.r.t. Λ and Σ, but the theory is also invariant
under non-manifest external diffeomorphisms of the xµ, generated by a parameter ξµpx, Y q.
2
This symmetry fixes all the relative coefficients in (1.4), such that this is the unique two-
derivative action with all the required symmetries.
We close the introduction by a discussion of how the above EFT resolves what is often
referred to as the ‘dual graviton problem’. This problem comes about because the E8p8q coset
representative MMN depends on components ϕm, m “ 1, . . . , 8, that in three dimensions are
dual to the Kaluza-Klein vectors Aµ
m. As the latter originate from components of the D “ 11
metric, this amounts to including in the theory components of a ‘dual graviton’ [23–26] at
the full non-linear level, something that is considered impossible on the grounds of the no-go
theorems in [27, 28]. In EFT this problem is resolved due to the presence of the extra E8p8q
gauge symmetry from (1.3). Solving the section constraints (1.1) such that the theory reduces
to D “ 11 supergravity, this covariantly constrained gauge symmetry reduces to a Stu¨ckelberg
shift symmetry with 8 parameters, which can be used to gauge away all the dual graviton
components ϕm. Consequently, in the gauge invariant potential (1.5) all components ϕm drop
out upon solving the section constraint, which is necessary for the theory to match D “ 11
supergravity. The same conclusions hold for the solution corresponding to type IIB. Let us
finally note that although the dual graviton components ϕm are pure gauge for the D “ 11
and D “ 10 solutions, once we consider strict dimensional reduction to D “ 3, the ϕm are
propagating fields among the scalars of the E8p8q{SOp16q coset space. Indeed, in this case the
Chern-Simons term implies that Bµm is pure gauge, so the extra gauge symmetry can be fixed
by gauging Bµm away.
This paper is organized as follows. In sec. 2 we introduce the E8p8q generalized Lie derivatives
and the covariantly constrained E8p8q gauge symmetry. Next, we introduce gauge vectors for
these symmetries and define covariant derivatives and field strengths. In sec. 3 we present
the various terms in the action and prove its gauge invariance under internal and external
diffeomorphisms. In particular, we fix all relative coefficients in the action (1.4) by requiring
invariance under external diffeomorphisms. Finally, in sec. 4, we discuss the match with D “ 11
supergravity and type IIB. Specifically, we discuss how the dual graviton (problem) disappears.
We conclude in sec. 5. Some details on the proof of closure of the E8p8q generalized Lie derivatives
are presented in the appendix.
2 E8p8q Gauge Structure
In this section we introduce E8p8q covariant generalized Lie derivatives, which close according to
an E-bracket, up to a separate ‘covariantly constrained’ E8p8q gauge symmetry. This mean that
the E8p8q gauge parameter is subject to the same section constraints as the extended derivatives.
Then we introduce gauge fields Aµ
M for the E-bracket and covariantly constrained gauge fields
BµM for E8p8q.
2.1 E8p8q generalized Lie derivatives
We start by recalling a few generalities of E8p8q. Its Lie algebra is 248-dimensional, and the
adjoint representation is the smallest fundamental representation. We denote the generators
3
by ptM qNK “ ´f
MN
K , with structure constants f
MN
K and adjoint indices M,N “ 1, . . . , 248.
The maximal compact subgroup is SOp16q, under which E8p8q decomposes as 248Ñ 120‘128.
There is an invariant symmetric tensor ηMN , the Cartan-Killing form, which we normalize by
ηMN “
1
60
tr
`
tM tN
˘
“
1
60
fMKLf
NL
K , (2.1)
and which we freely use to raise and lower adjoint indices. Given this invariant metric, the
tensor product of the adjoint with the co-adjoint representation is equivalent to 248b248 and
decomposes as follows
248b 248 Ñ 1‘ 248‘ 3875‘ 27000‘ 30380 . (2.2)
In particular, it contains the adjoint representation, and in the following we need the corre-
sponding projector:
P
M
N
K
L “
1
60
fMNP f
PK
L (2.3)
“
1
30
δMpN δ
K
Lq ´
7
30
pP3875q
MK
NL ´
1
240
ηMKηNL `
1
120
fMKP f
P
NL .
Here we used eqs. (2.15) in [29], and the projector onto the 3875 which is given by
pP3875q
MK
NL “
1
7
δMpN δ
K
Lq ´
1
56
ηMK ηNL ´
1
14
fPN
pM fPL
Kq . (2.4)
We refer to [19,29] for other useful E8p8q identities.
Let us now discuss the generalized spacetime and geometry based on E8p8q. We introduce
248 coordinates YM in the adjoint representation, but we subject all functions (i.e. including all
fields and gauge parameters and all their products) to the covariant section constraints (1.1).
These are necessary in order for the symmetries of the theory to close into an algebra. These
symmetries comprise generalized diffeomorphisms on the 248-dimensional space, together with
a covariantly constrained E8p8q gauge symmetry. Specifically, denoting by Λ
M and ΣM the
parameters for generalized diffeomorphisms and constrained E8p8q, respectively, we define the
generalized Lie derivative on a vector by
δV M “ LpΛ,ΣqV
M ” ΛKBKV
M ´ 60PMN
K
L BKΛ
L V N ` λpV q BNΛ
N V M
´ ΣLf
LM
NV
N . (2.5)
Analogously, one may define the generalized Lie derivative acting on tensors with an arbitrary
number of adjoint E8p8q indices. The first line of (2.5) defines the generalized Lie derivative
w.r.t. ΛM , in accordance with the definition for the smaller exceptional groups [16, 17], where
we also allowed for a general density weight λ. The second line is a novel feature of the E8p8q
EFT. It defines the covariantly constrained E8p8q action, i.e. describes an E8p8q rotation with a
parameter ΣM which itself satisfies the same algebraic conditions (1.1) as the partial derivatives.
Concretely, we require that`
P1`248`3875
˘
MN
KLCK b C
1
L “ 0 , for CM , C
1
M P tBM , BµM ,ΣMu , (2.6)
where BµM denotes the gauge connection associated to the ΣM symmetry of (2.5). This means
that for any expression containing two objects, CM and C
1
N , from the list above, the part in
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the tensor product that is projected out by this constraint can be consistently set to zero.
Explicitly, we have for the individual irreducible representations,
ηMNCM b C
1
N “ 0 , f
MNKCN b C
1
K “ 0 ,
`
P3875
˘
MN
KLCK b C
1
L “ 0 . (2.7)
This implies in particular ηMNBMBNA “ B
MBMA “ 0, but also B
MA BMB “ 0, for arbitrary
functions A,B, and relations like fMNKBµN BKA “ 0 involving the covariantly constrained
gauge field BµM . These relations imply that for any solution of the section constraint only a
subset of coordinates among the YM survives, while also only the ‘corresponding’ components
of BµM are present, as we will explain in more detail below.
Before determining the gauge algebra satisfied by (2.5) we briefly discuss that the above
gauge transformations (2.5) possess ‘trivial’ gauge parameters. For these parameters the ac-
tion of the associated generalized Lie derivative on any field vanishes by virtue of the section
constraints (2.7). The following parameters are trivial in this sense,
ΛM ” ηMNΩN , ΩN covariantly constrained a` la (2.6) ,
ΛM ” pP3875q
MK
NL BKχ
NL . (2.8)
Here, in the first line, ΩN is covariantly constrained in the sense that it satisfies the same
constraints as the CN in (2.6), (2.7). E.g. choosing ΩN “ BNχ we infer that Λ
M “ BMχ is a
trivial parameter, in analogy to DFT. For the first parameter in (2.8) it is straightforward to see
with (2.4) and the constraints (2.7) that the generalized Lie derivative (2.5) is zero on fields.
As an illustration for the use of constraints, we prove explicitly the triviality of the second
parameter in (2.8). We first note that in this case the transport term and density term (i.e. the
first and third term) in (2.5) immediately vanish as a consequence of the third constraint in
(2.7). Thus, the action of the generalized Lie derivative reads
LΛV
M “ ´60PMN
pP
QpP3875q
RqQ
ST BP BRχ
STV N
“ ´fMNX
`
fXpPQpP3875q
RqQ
ST
˘
BP BRχ
STV N .
(2.9)
Next, we use that P3875 is an invariant tensor under the adjoint action of E8p8q, as is manifest
from its definition (2.4). This means
fXpPQpP3875q
RqQ
ST ´ f
XQ
pSpP3875q
PR
T qQ “ 0 . (2.10)
Thus, we can replace the structure in (2.9) by the second term in here. Being contracted with
BP BR it then follows from the third constraint in (2.7) that this vanishes, completing the proof
that the associated generalized Lie derivative acts trivially.
Next, we discuss a novel phenomenon for the E8p8q case: there are combinations of parame-
ters Λ and Σ whose combined action is trivial on all the fields. Specifically, the generalized Lie
derivative (2.5) with parameters
ΛM “ fMNKΩN
K , ΩN
K covariantly constrained in first index ,
ΣM “ BMΩN
N ` BNΩM
N , (2.11)
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acts trivially for a general tensor ΩN
K that is covariantly constrained in the first index in the
sense of (2.6), (2.7). An example is given by ΩM
N “ BMχ
N with arbitrary χN , so we conclude
as a special case of (2.11) that
ΛM ” fMNKBNχ
K , ΣM ” 2BMBNχ
N , (2.12)
has trivial action on all the fields. In order to verify the triviality of (2.11) let us first prove the
following useful Lemma:
fPM
K fPN
L CK b C
1
L “ CM b C
1
N ` CN b C
1
M , (2.13)
for any covariantly constrained objects CM , C
1
M . To prove this we compute
fPM
K fPN
LCK b C
1
L “
`
fPM
rK fPN
Ls ` fPM
pK fPN
Lq
˘
CK bC
1
L
“
`
´ 1
2
fPKLfPNM ` 2δ
K
pM δ
L
Nq
´ 1
4
ηMNη
KL ´ 14pP3875q
KL
MN
˘
CK b C
1
L
“ CM b C
1
N ` CN b C
1
M .
(2.14)
In the second line we used the Jacobi identity and rewrote the symmetrized ff term in terms
of the 3875 projector (2.4). In the final step we used the section constraints (2.7). This
completes the proof of (2.13). It is now straightforward to verify the triviality of (2.11). First,
the transport and density terms vanish immediately as a consequence of the second constraint
in (2.7). The remaining projector term, in the first form of the projector in (2.4), can then
be simplified by (2.13) to show that this cancels the Σ terms from (2.11). Another immediate
consequence of (2.13) is that for a generalized vector ΩM (of weight zero) that is covariantly
constrained, the generalized Lie derivative reduces to
δΛΩM “ Λ
NBNΩM ` BNΛ
NΩM ` BMΛ
NΩN , (2.15)
which will be used below.
We close this section by discussing closure of the gauge transformations. In contrast to
the analogous structures for Enpnq with n ď 7, the generalized Lie derivatives do not close by
themselves, but only up to (constrained) local E8p8q gauge transformations. Specifically, one
finds closure“
δpΛ1,Σ1q, δpΛ2,Σ2q
‰
“ δrpΛ2,Σ2q,pΛ1,Σ1qsE , rpΛ2,Σ2q, pΛ1,Σ1qsE ” pΛ12,Σ12q , (2.16)
with the effective parameters
ΛM12 ” 2Λ
N
r2BNΛ
M
1s ´ 14 pP3875q
MK
NL Λ
N
r2BKΛ
L
1s ´
1
4
ηMKηNL Λ
N
r2BKΛ
L
1s
`
1
4
fMNP BN pf
P
KLΛ
K
2 Λ
L
1 q ,
Σ12M ” ´2Σr2MBNΛ
N
1s ` 2Λ
N
r2BNΣ1sM ´ 2Σ
N
r2BMΛ1sN ` f
N
KL Λ
K
r2 BMBNΛ
L
1s . (2.17)
Note that here is an ambiguity in the form of the effective gauge parameters, because they
can be redefined by trivial gauge parameters, (2.8) or (2.11), without spoiling closure. In
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particular, the term in the second line of Λ12 could have been dropped, using (2.11), at the cost
of extra terms in Σ12. The form here has been chosen for later convenience. We stress again
that closure only holds because of the separate (covariantly constrained) E8p8q gauge symmetry.
Note that this is a rather non-trivial statement, because the effective Σ12 parameter needs to be
compatible with the covariant section constraints (2.7). The compatibility is manifest from the
form in (2.17), because in each term the free index M is carried by a constrained object, ΣM
or BM . As this interplay between generalized diffeomorphisms and a separate but constrained
gauge symmetry is somewhat unconventional we prove gauge closure (2.16), (2.17) explicitly
in the appendix. We finally note that the gauge algebra of Σ transformations with themselves
is abelian, for the effective parameter ΣM12 “ f
MNKΣ2NΣ1K is actually zero by the section
constraints (2.7).
2.2 Gauge fields for E8p8q E-bracket
We now introduce gauge fields for the local symmetries generated by ΛM and ΣM . Specifically,
these parameters are functions of xµ and YM , requiring in particular covariant derivatives Dµ
for the external coordinates. Denoting the gauge fields for the ΛM symmetries by Aµ
M and
those for the ΣM symmetries by BµM , the covariant derivative on any tensor with an arbitrary
number of adjoint E8p8q indices is defined by
Dµ ” Bµ ´ LpAµ,Bµq , (2.18)
where the generalized Lie derivative L acts according to the representation the tensor field lives
in. For instance, using (2.5) one finds its action on a vector of zero weight
DµV
M “ BµV
M ´Aµ
KBKV
M ` 60PMN
K
L BKAµ
L V N `Bµ
LfMNLV
N . (2.19)
The transformation rules for A and B are determined by the requirement that the covariant
derivatives (2.18) transform covariantly. In general, their gauge transformations can be com-
puted from
pδpΛ,ΣqA, δpΛ,ΣqBq ” pBΛ, BΣq `
“
pΛ,Σq, pA,Bq
‰
E
, (2.20)
with the E-bracket defined by (2.16). Using (2.17) one computes for the components
δpΛ,ΣqAµ
M “ DµΛ
M ´ BNAµ
N ΛM ` 7P3875
MN
KL
`
ΛKBNAµ
L `Aµ
KBNΛ
L
˘
´Bµ
LfMNL Λ
N `
1
8
ηMNηKL
`
ΛKBNAµ
L `AKBNΛ
L
˘
`
1
4
fMNP f
P
KL
`
BNΛ
KAµ
L ´ ΛKBNAµ
L
˘
,
δpΛ,ΣqBµM “ DµΣM ` BN
`
BµMΛ
N
˘
`Bµ
NBMΛN
`
1
2
fNKL
`
ΛKBMBNAµ
L ´Aµ
KBMBNΛ
L
˘
.
(2.21)
Note in particular, that the gauge field A and its parameter Λ carries weight one (and we have
explicitly spelled out the weight term in (2.21)), whereas B and Σ carry weight 0.
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Because of the existence of trivial gauge parameters, c.f. (2.8) and (2.11) discussed in the
previous subsection, the gauge transformations of A and B are determined from the covariance
of (2.18) only up to redefinitions by trivial parameters. Specifically, the covariant derivatives
(2.18) are invariant under the following vector shift transformations
δAµ
M “ BMΞµ ` pP3875q
MK
NL BKΞµ
NL
3875 ` f
MN
KΞµN
K ,
δBµM “ BMΞµN
N ` BNΞµM
N , (2.22)
with ΞµM
N constrained in the first index. We now redefine the gauge transformations of A and
B by adding trivial gauge transformations of this form, with parameters
Ξµ
KL
3875 “ ´7pP3875q
KL
PQAµ
PΛQ ,
Ξµ “ ´
1
8
Aµ
KΛK ,
ΞµN
K “ ´BµNΛ
K `
1
4
fKPQΛ
P BNAµ
Q ´
1
4
fKPQBNΛ
PAµ
Q .
(2.23)
The gauge transformations (2.21) then take the more compact form
δAµ
M “ Dp1qµ Λ
M ,
δBµM “ D
p0q
µ ΣM ´ Λ
NBMBµN ` f
N
KLΛ
KBMBNAµ
L ,
(2.24)
where we have indicated the respective weights by the superscripts D
pλq
µ . This is the final form
of the gauge transformations that we use in the following.
Let us now turn to the definition of gauge covariant curvatures or field strengths. Part of
these curvatures can be read off from the commutator of covariant derivatives,
rDµ,DνsV
M “ ´LpFµν ,GµνqV
M . (2.25)
More precisely, this determines the field strengths up to trivial terms that drop out of the
generalized Lie derivatives, for which we find
Fµν
M “ 2 BrµAνs
M ´ 2Arµ
NBNAνs
M ` 14 pP3875q
MN
KLArµ
KBNAνs
L `
1
4
Arµ
NBMAνsN
´
1
2
fMNP f
P
KLArµ
KBNAνs
L ,
GµνM “ 2DrµBνsM ´ f
N
KLArµ
KBMBNAνs
L . (2.26)
These field strengths do not transform covariantly, but the failure of covariance is of a ‘trivial’
form that can be compensated by adding two-form couplings and assigning to them appropri-
ate gauge transformations in the general spirit of the p-form tensor hierarchy [30]. We thus
introduce the fully covariant curvatures
Fµν
M ” Fµν
M ` 14 pP3875q
MN
KL BNCµν
KL
p3875q `
1
4
BMCµν ` 2f
MN
KCµνN
K ,
GµνM “ GµνM ` 2 BNCµνM
N ` 2 BMCµνN
N , (2.27)
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with two-form fields Cµν
KL
p3875q, Cµν , and Cµν M
N , where as in (2.11) the two-form Cµν M
N is
covariantly constrained in the first index. The general variation of these curvatures takes a
covariant form,
δFµν
M “ 2D
p1q
rµ δAνs
M ` 14 pP3875q
MN
KL BN∆Cµν
KL
p3875q `
1
4
BM∆Cµν ` 2f
MN
K∆CµνN
K ,
δGµνM “ 2D
p0q
rµ δBνsM ´ 2BMBrµ
N δAνsN ´ 2 f
N
KLδArµ
KBMBNAνs
L ` 2 BN∆CµνM
N
` 2 BM∆CµνN
N , (2.28)
where we defined the covariant variations
∆Cµν
KL
p3875q ” δCµν
KL
p3875q `Arµ
KδAνs
L ,
∆Cµν ” δCµν `Arµ
KδAνsK ,
∆CµνN
K ” δCµνN
K `BrµNδAνs
K ´
1
4
fKPQ
`
Arµ
P BNδAνs
Q ´ BNArµ
P δAνs
Q
˘
. (2.29)
We stress that although we had to introduce the additional two-forms in order to define
gauge covariant curvatures, all of them will eventually drop out from the action and the transfor-
mation rules. They can be viewed as a convenient tool that allows us to define the Lagrangian
in a rather compact form in terms of manifestly covariant quantities whereas we could also
have defined the Lagrangian directly in terms of the original fields and confirmed its gauge
invariance by an explicit computation. The two-forms Cµν and Cµν
KL
p3875q already show up in
the dimensionally reduced theory upon extending on-shell the supersymmetry algebra and first
order duality equations beyond the fields present in the Lagrangian [30].
We now specialize to the transformation of the curvatures under Λ and Σ gauge transfor-
mations (2.21). The field strength Fµν
M transforms covariantly in that
δΛ,ΣFµν
M “ LpΛ,ΣqFµν
M , (2.30)
with weight λ “ 1, provided the two-forms Cµν transform as
∆Cµνp3875q
KL “ Fµν
pKΛLq ,
∆Cµν “ Fµν
MΛM ,
∆CµνN
K “
1
4
fKPQ
`
BNFµν
PΛQ ´ BNΛ
QFµν
P
˘
`
1
2
GµνNΛ
K `
1
2
ΣNFµν
K . (2.31)
On the other hand, the field strength Gµν
M transforms as
δΛ,ΣGµνM “ LpΛ,ΣqGµνM ´ f
N
KLFµν
K BMBNΛ
L ` BMΣN Fµν
N , (2.32)
where the generalized Lie derivative acts on a tensor of weight 0. These turn out to be the
proper transformation rules in order to define a gauge invariant Chern-Simons term below. To
this end we will furthermore derive a set of generalized Bianchi identities (3.14) satisfied by the
curvatures Fµν
M and GµνM .
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3 The Action
With the structures set up in the previous section we are now in position to define the various
terms in the action (1.4)
S “
ż
d3x d248Y pLEH ` LCS ` Lkin ´ e V pM, gqq . (3.1)
We describe them one by one. We then verify that the action is invariant under generalized
internal and properly defined external diffeomorphisms, which in turn fixes all the relative
coupling constants.
Einstein-Hilbert and kinetic term As in [1, 31], the Einstein-Hilbert term in (3.1) reads
LEH “ e pR ” egµν pRµν , (3.2)
and is constructed from contraction of the improved Riemann tensor
pRµνab ” Rµνabrωs `FµνMeρraBMeρbs , (3.3)
where Rµν
abrωs denotes the covariantized curvature of the spin connection ωµ
ab, which in turn
is defined by the covariantized vanishing torsion condition
0 “ Drµeνs
a ” Brµeνs
a ´Arµ
KBKeνs
a ´ BKArµ
K eνs
a ` ωrµ
ab eνsb . (3.4)
In particular, the dreibein eµ
a is an E8p8q scalar-density of weight λ “ 1 . Note from the
second form in (3.2) that with this weight the Einstein-Hilbert term has a total weight of 1,
as needed for local ΛM gauge invariance. The second term in (3.3) ensures covariance of the
Riemann tensor under local Lorentz transformations. As a result, the Einstein-Hilbert term
LEH is invariant under local Lorentz transformations and internal generalized diffeomorphisms.
We note that the term is also invariant under the vector shift symmetries (2.22), notably all
two-form contributions in Fµν
M drop out from (3.3).
The matter sector of the theory comprises 128 ‘scalar’ fields which as in the three-dimensional
maximal theory [32] parametrize the coset space E8p8q{SOp16q. In terms of the symmetric
group-valued 248 ˆ 248 matrix MMN (and its inverse M
MN ), the kinetic term in (3.1) takes
the form
Lkin “
1
240
e gµν DµMMN DνM
MN “ ´
1
4
e gµν jµ
M jν M , (3.5)
in terms of the current jµ
M defined by
M
KNDµMNL ” jµ
N fNL
K , and satisfying MMN jµ
N “ ηMN jµ
N . (3.6)
All derivatives Dµ here are covariantized w.r.t. generalized internal diffeomorphisms according
to (2.18), with the matrix MMN carrying weight λ “ 0. The second equation in (3.6) can be
verified with (2.1) and the relation,3
MPMMQN fPQ
K “ ´fMNLM
LK . (3.7)
3Note the sign, which is due to the fact that unlike ηMN the matrix MMN is not a group invariant tensor,
but commutes with the involution which defines the maximal compact subgroup SOp16q Ă E8p8q .
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Chern-Simons term The vector fields Aµ
M and BµM do not carry propagating degrees of
freedom, but describe on-shell duals to the scalar fields. Consequently their dynamics in (3.1)
is not described by a Yang-Mills coupling but rather by a topological Chern-Simons term which
is explicitly given by
LCS “ 2κ ε
µνρ
´
Fµν
MBρM ´ fKL
NBµAν
KBNAρ
L ´
2
3
fNKLBMBNAµ
KAν
MAρ
L
´
1
3
fMKLf
KP
Qf
LR
S Aµ
MBPAν
QBRAρ
S
¯
, (3.8)
with coupling constant κ that we will determine below. The structure and covariance of the
Chern-Simons term become more transparent by calculating its general variation which is given
by
δLCS “ 2κ ε
µνρ
´
Fµν
M δBρM ` pGµν M ´ fMN
KBKFµν
N q δAρ
M
¯
“ 2κ εµνρ
´
Fµν
M δBρM ` pGµν M ´ fMN
KBKFµν
N q δAρ
M
¯
. (3.9)
Indeed it follows directly with the section constraints (2.8) and (2.11) that all extra two-form
contributions proportional to Cµν from (2.28) cancel in the second line of (3.9), such that the
variation may be expressed entirely in terms of the covariant quantities. Similarly, one confirms
with (3.9) that the Chern-Simons term is invariant under the vector shift transformations (2.22).
With a little more calculation we may furthermore verify invariance of the Chern-Simons term
under generalized internal diffeomorphisms that act as gauge transformations (2.24) on the
vector fields. Specifically, after partial integration, the variation (2.24) yields
δLCS “ 2κε
µνρ ΛK
´
Fµν
M p´BMBρK ` f
N
KLBMBNAρ
Lq ´Dp0qρ pGµν K ´ fKM
NBNFµν
M q
¯
´ 2κεµνρ ΣM D
p1q
ρ Fµν
M . (3.10)
The vanishing of the r.h.s. of this variation corresponds to establishing some generalized Bianchi
identities for the curvatures (2.28). This is most conveniently achieved by evaluating three
covariant derivatives εµνρDµDνDρV
M on a vector V M of weight 0, from which we deduce the
identity
εµνρ LpFµν ,GµνqDρV
M “ εµνρDµ
`
LpFνρ,Gνρq V
M
˘
. (3.11)
Its r.h.s. takes the explicit form
εµνρDρ
`
LpFµν ,Gµνq V
M
˘
“ εµνρDρ
´
Fµν
NBNV
M ´
´
Gµν L ´ fLP
KBKFµν
P
¯
fLMN V
N
¯
,
and upon using that
DρBNV
M “ BNDρV
M ´ fLMP V
P
´
BNBρ L ´ fLQ
K BNBKAρ
Q
¯
, (3.12)
for a vector VM of weight 0, the r.h.s. of (3.11) may be further rewritten as
εµνρDρ
`
LpFµν ,Gµνq V
M
˘
“ εµνρ
´
Fµν
NBNDρV
M ´
´
Gµν L ´ fLP
KBKFµν
P
¯
fLMN DρV
N
¯
` εµνρ
´
DρFµν
NBNV
M ´Dρ
´
Gµν L ´ fLP
KBKFµν
P
¯
fLMN V
N
¯
´ εµνρ fLMN V
N
Fµν
P
´
BPBρ L ´ fLQ
K BP BKAρ
Q
¯
. (3.13)
11
Now the first line in (3.13) reproduces the l.h.s. of (3.11), such that together we obtain the
generalized Bianchi identities
0 “ εµνρDp1qρ Fµν
N b BN , (3.14)
0 “ εµνρ
´
Dp0qρ pGµν K ´ fKM
NBNFµν
M q ` Fµν
M pBMBρK ´ f
N
KLBMBNAρ
Lq
¯
.
These are sufficient to show that (3.10) vanishes, confirming that the Chern-Simons term is
invariant under generalized internal diffeomorphisms. Let us finally note that a more compact
presentation of the Chern-Simons term (3.8) can be given as the boundary contribution of a
gauge invariant exact form in four dimension as
SCS 9
ż
Σ4
d4x
ż
d248Y
´
F
M ^ GM ´
1
2
fMN
K
F
M ^ BKF
N
¯
, (3.15)
where again all two-form contributions Cµν can be checked to drop out from the action. Gauge
invariance of (3.15) follows from the transformation behavior of the field strengths under gauge
transformations
δΛ,ΣF
M “ LpΛ,Σq F
M ,
δΛ,Σ
`
F
MfM
N
KBNF
K
˘
“ LpΛ,Σq
`
F
MfM
N
KBNF
K
˘
` 2FMBMBNΛ
K fNLKF
L
´ 2FMBMΣN F
N ,
δΛ,Σ GM “ LpΛ,Σq GM ´ f
N
KLF
K BMBNΛ
L ` BMΣN F
N . (3.16)
Scalar potential The last term in the action (3.1) is the scalar potential V which can be
given as a function of the external metric gµν and the internal metric MMN
V “ ´
1
240
M
MNBMM
KL BNMKL `
1
2
M
MNBMM
KLBLMNK (3.17)
`
1
7200
fNQP f
MS
RM
PKBMMQKM
RLBNMSL
´
1
2
g´1BMg BNM
MN ´
1
4
M
MNg´1BMg g
´1BNg ´
1
4
M
MNBMg
µνBNgµν .
The relative coefficients in this potential are determined by ΛM and ΣM gauge invariance by a
computation similar to the one presented for the E6p6q, E7p7q potentials in [2,3], that we briefly
sketch in the following. For the calculation it turns out to be convenient to rewrite the potential
as
V “
1
4
jM
RjN
S
`
M
MNηRS ´ 2M
KLfRL
NfSK
M ` 2δR
NδS
M
˘
(3.18)
´
1
2
g´1BMgM
MNfNK
P jP
K ´
1
4
MMNg´1BMg g
´1BNg ´
1
4
MMNBMg
µνBNgµν ,
in terms of the current jM
P defined in analogy to (3.6) as
M
KPBMMPL ” jM
P fPL
K . (3.19)
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A short calculation shows that the non-covariant variation of the current jM
N under generalized
diffeomorphisms (2.5) is given by
∆ncjM
N “
`
MNK ` ηNK
˘
BM
`
fKQ
P BPΛ
Q ´ ΣK
˘
, (3.20)
where we have used the invariance property (3.7) of the structure constants. It is then straight-
forward to verify that the non-covariant contributions from the variation of the various terms
in (3.18) precisely cancel. In particular, we find that under Λ transformations the first line of
(3.18) transforms according to
1
4
∆ncΛ
´
jM
RjN
S
`
MMNηRS ´ 2M
KLfRL
NfSK
M ` 2δR
NδS
M
˘ ¯
“ 2 BMBPΛ
P BNM
MN ` BMBLΛ
N BNM
ML , (3.21)
whereas the second line of (3.18) transforms into
∆ncΛ pp3.18q, second lineq “ ´3BMBKΛ
K BPM
PM ´ e´1BMeM
MP BP BRΛ
R
` e´1BMeM
SP BP BSΛ
M . (3.22)
Together, this shows that the scalar potential term pe V q in the Lagrangian is invariant up to
total derivatives.
Comparing the expression of (3.17) to other results in the literature [22] shows that the
third term of (3.17) has been missed in previous constructions. Here, this term is essential
for ΛM and ΣM invariance of the scalar potential. Absence of this term is the reason for the
observed discrepancy of the scalar potential of [22] with D “ 11 supergravity as we discuss in
more detail in the last section.
External diffeomorphism invariance The various terms of the EFT action (3.1) have
been determined by invariance under generalized internal ΛM , ΣM diffeomorphisms. In con-
trast, the relative coefficients between the four terms are determined by invariance of the full
action under the remaining gauge symmetries, which are a covariantized version of the external
p2` 1q-dimensional diffeomorphisms with parameters ξµpx, Y q. For Y -independent parameter,
external diffeomorphism invariance is manifest. On the other hand, gauge invariance for gen-
eral ξµpx, Y q determines all relative coefficients, as we shall demonstrate in the following. The
computation closely follows the analogous discussion for the SLp2,Rq-covariant formulation of
four-dimensional Einstein gravity [20].4
Under general external diffeomorphisms, the external and internal metric transform in the
standard (but covariantized) way
δξMMN “ ξ
µDµMMN , δξeµ
a “ ξρDρeµ
a `Dµξ
ρeρ
a , (3.23)
where we recall that the dreibein is an E8p8q scalar-density of weight λ “ 1. The transformation
behavior of the gauge vectors is more complicated. Inspired by the SLp2,Rq case [20], for these
4We note that here we use a field basis for A and B that is related to the SLp2,Rq treatment of [20] by a field
redefinition.
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fields we start from the ansatz
δ
p0q
ξ Aµ
M “ ξνFνµ
M `MMNgµνBN ξ
ν ,
δ
p0q
ξ BµM “ ξ
νGνµM ´ jM
K gµνBKξ
ν `
1
4κ
eεµνλ g
λρDν pgρσBM ξ
σq , (3.24)
where the non-covariant contributions will be required for particular cancellations in the vari-
ation of the Lagrangian. The full variation of these fields will be determined as we go along.
Note that the form of the variation δ
p0q
ξ BµM is manifestly compatible with the constraints (2.7)
which this field is required to satisfy, because in the extra non-covariant terms the external
index is carried by a derivative.
Let us now compute the variation of the Lagrangian (3.1) under (3.23), (3.24). To start
with, let us work out the general variation of the Lagrangian (3.1) w.r.t. to the vector fields
which takes the form
δL “ εµνρ
´
EpAqMνρ δBµM ` E
pBq
νρM δAµ
M
¯
, (3.25)
with
E
pAqM
µν ” 2κFµν
M `
1
2
e εµνρ j
ρM ,
E
pBq
µν M ” 2κGµν M ´ fMN
KBKE
pAqN
µν ´
1
4
e εµνρ
´
jM
K jρK ` 2 pJρM¯ , (3.26)
with the currents jµ
N , jM
N from (3.6) and (3.19), respectively, and the current pJµM describing
the contribution from the covariantized Einstein-Hilbert term,
δALEH ” e pJµM δAµM “ ´ 2eeaµebν ´BMωνab ´Dν ´eρraBMeρbs¯¯ δAµM . (3.27)
Note that not all components of E
pAqM
µν in (3.26) correspond to real equations of motion of the
theory, as the field BµM is constrained by means of (2.7).
Next we consider the non-covariant variation of the covariantized Einstein-Hilbert term,
which is given by [20]
δ
p0q
ξ
`
e pR ˘ “ eFµνNDµ pBN ξρgρνq ` eMMN pJµM BN ξµ , (3.28)
where the second term comes from the non-covariant transformation (3.24) of the vector field
Aµ
M via (3.27). The non-covariant variation of the Chern-Simons term follows from (3.9) and
yields
δ
p0q
ξ LCS “ ´eF
µνM Dµ pgνσBM ξ
σq ´ 2κ εµνρ Fµν
M jM
K gρλBKξ
λ
´ 2κ εµνρ fMN
KBKFµν
N MMLgρσBLξ
σ ` 2κ εµνρ Gµν MM
MNgρσBN ξ
σ
` κ εµνρ BKξ
σ fMN
KFµν
MFρσ
N , (3.29)
up to total derivatives. The first term cancels against the contribution from (3.28). Let us
further rewrite the last term of (3.29) in terms of (3.26) as
κ εµνρ BKξ
σ fMN
KFµν
MFρσ
N “
1
4κ
εµνρ BKξ
σ fMN
KEpAqMµν E
pAqN
ρσ
´ BKξ
µ fMN
K jνM Fµν
N
´
1
8κ
εµνρ BKξ
µ fMN
KjνM jρN . (3.30)
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For the variation of the scalar kinetic term, we start from the variation
δp0q
`
DµMMN
˘
“ Lξ
`
DµMMN
˘
` ξν rDµ,DνsMMN ´ Lpδp0q
ξ
AµM ,δ
p0q
ξ
BµM q
MMN ,(3.31)
which induces the following variation of the kinetic term (3.5):
δ
p0q
ξ Lkin “
1
2
eMKLjK
NjµNBLξ
ν ` e fMKL j
µ
M Fµν
L BKξ
ν ` e jL
K jµ
L BKξ
µ
´ e fMKL j
µ
M BK
`
M
LNgµνBNξ
ν
˘
´
1
4κ
εµνρ jµ
LDν pgρσBLξ
σq . (3.32)
Upon integration by parts, the last term gives rise to
´
1
4κ
εµνρ gρσBLξ
σDµjν
L “
1
480κ
εµνρ gρσBLξ
σ fKLM MKN rDµ,DνsM
MN
`
1
8κ
εµνρ gρσBKξ
σ fMN
Kjµ
M jν
N , (3.33)
and evaluating the commutator of covariant derivatives yields terms that precisely cancel the
three terms linear in Fµν
M and Gµν M from (3.29), provided we choose
κ ”
1
4
, (3.34)
for the coupling constant of the CS term. Putting everything together, for the variation of the
first three terms of the Lagrangian (3.1) we find up to total derivatives
δ
p0q
ξ pLEH ` LCS ` Lkinq “
1
2
e
`
M
KLηRS ` 2 δ
K
R δ
L
S ´ 2M
MN fKMRf
L
NS
˘
jµ
S jL
R BKξ
µ
` eMMN
´ pJµM BN ξµ ´ fKLM jµK BL pgµνBN ξνq¯
` εµνρ BKξ
σ fMN
KEpAqMµν E
pAqN
ρσ . (3.35)
It remains to compare this variation to the non-covariant variation of the scalar potential (3.17)
under (3.23). Noting that
δξpBKMMN q “ ξ
µDµpBKMMN q ` BKξ
µDµMMN ,
δξpBMgµνq “ LξpBMgµνq ` pBM ξ
ρqDρgµν ` 2 BMDpµξ
ρ gνqρ , (3.36)
it is straightforward to see from (3.18) that the non-covariant variation of the potential due to
δncξ pBKMMN q precisely cancels the first line of (3.35). Upon further calculation, the remaining
contributions from variation of the potential combine with (3.35) into
δ
p0q
ξ L “
´
e pJµM ´ 2eDµ `e´1BMe˘´Dν pegµρBMgνρq ` 1
2
eDµgνρBMg
νρ
¯
M
MN BNξ
µ
` εµνρ BKξ
σ fMN
K
E
pAqM
µν E
pAqN
ρσ . (3.37)
Using the definite expression (3.27) for pJµM , an explicit calculation shows that the first line of
(3.37) vanishes identically. We have thus shown that under external diffeomorphisms (3.23),
(3.24), the variation of the Lagrangian (3.1) takes the compact form
δ
p0q
ξ L “ ε
µνρ BKξ
σ fMN
K
E
pAqM
µν E
pAqN
ρσ . (3.38)
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Just as in the SLp2,Rq case we conclude that invariance of the Lagrangian can be achieved by
a further modification of the vector field transformation rules according to [20]
δξAµ
M “ δ
p0q
ξ Aµ
M ` 2 ξν EpAqMµν
δξBµM “ δ
p0q
ξ BµM ` 2 ξ
ν
´
E
pBq
µν M ` fMN
K BKE
pAqN
µν
¯
. (3.39)
It is straightforward to see that the new contributions due to the respective terms in ξν E
pAqM
µν
and ξν E
pBq
µν M take the form of an ‘equations of motion symmetry’ and mutually cancel. The
last term in (3.39) precisely cancels the variation of (3.38). Moreover, we note that the new
variation δξBµM continues to be consistent with the constraints (2.7) that this field is required
to satisfy.
We may summarize the result of this subsection as follows: the action (3.1) is invariant
under external diffeomorphisms parametrized by ξµ that on the internal and external metric
act according to (3.23), while their action on the gauge fields follows from combining (3.24) and
(3.39),
δξAµ
M “ eεµνρ ξ
νjρM `MMNgµνBNξ
ν , (3.40)
δξBµM “ eεµνρ
´
gρλDν pgλσBM ξ
σq ´
1
2
ξν jM
KjρK ´ ξ
ν pJρM¯´ jMK gµνBKξν .
We have shown that invariance under external diffeomorphisms fixes all the relative coefficients
in (3.1); the action is thus uniquely determined by combining internal and external generalized
diffeomorphism invariance.
4 Embedding of D “ 11 supergravity
In the previous sections, we have constructed the unique E8p8q-covariant two-derivative action
for the fields (1.2), that is invariant under generalized internal and external diffeomorphisms.
It remains to establish its relation to D “ 11 supergravity. Evaluating the field equations
descending from (3.1) for an explicit appropriate solution of the section constraints (2.7), one
may recover the full dynamics of D “ 11 supergravity after rearranging the eleven-dimensional
fields according to a 3`8 Kaluza-Klein split of the coordinates, but retaining the full dependence
on all eleven coordinates as first explored in [18,19]. We have done this analysis in all detail in
the E6p6q-covariant construction [2] and reproduced the full and untruncated action of eleven-
dimensional supergravity from the E6p6q EFT after various redefinitions and redualizations of
fields. Here, we keep the discussion brief, sketching the essential steps for the embedding of
D “ 11 supergravity and concentrating on the novel features of the E8p8q case. The complete
analysis is left for future work.
The relevant solution of the section condition (1.1) is related to the splitting of coordinates
according to the decomposition of the adjoint representation of E8p8q under its maximal GLp8q
subgroup:
248 ÝÑ 8`3 ‘ 28
1
`2 ‘ 56`1 ‘ p1‘ 63q0 ‘ 56
1
´1 ‘ 28´2 ‘ 8
1
´3 , 
YM
(
ÝÑ tym, ymn, y
kmn, ym
n, ykmn, y
mn, ymu , (4.1)
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with the subscripts referring to the grading w.r.t. the GLp1q Ă GLp8q generator t0 . The section
constraints (2.7) are solved by truncating the coordinate dependence of all fields and gauge
parameters to the coordinates in the 8`3:
Φpxµ, YM q ÝÑ Φpxµ, ymq . (4.2)
In order to see that this truncation provides a solution for the section constraints (2.7), it is
sufficient to observe that in the decomposition of the 3875 analogous to (4.1), the space of
highest grading is an 8`5, which shows that
pP3875qMN
mn “ 0 . (4.3)
Accordingly, for the compensating gauge field constrained by (2.7) we set all but the associated
8 components Bµm to zero,
Bµ
m Ñ 0 , Bµmn Ñ 0 , Bµ
mnk Ñ 0 ,
Bµ m
n Ñ 0 , Bµ mnk Ñ 0 , Bµ
mn Ñ 0 . (4.4)
In order to recover the fields of D “ 11 supergravity, we first express the scalar matrix MMN “
pVVT qMN in terms of a coset-valued vielbein V P E8p8q{SOp16q, parametrized in triangular
gauge associated to the grading of (4.1) as [33]
V ” exp
“
φ tp0q
‰
V8 exp
”
ckmn t
kmn
p`1q
ı
exp
”
ǫklmnpqrscklmnpq tp`2q rs
ı
exp
”
ϕm t
m
p`3q
ı
. (4.5)
Here, tp0q is the E8p8q generator associated to the GL(1) grading of (4.1), V8 denotes a general
element of the SLp8q Ă GLp8q subgroup, whereas the tp`nq refer to the E8p8q generators of
positive grading in (4.1).5 The scalar fields cmnk “ crmnks and cmnklpq “ crmnklpqs have an
obvious origin in the internal components of the 11-dimensional 3-form and 6-form. The scalar
fields on the other hand represent the degree of freedom dual to the Kaluza-Klein vector fields
Aµ
m in the standard decomposition of the eleven-dimensional metric. Hence, formally they
carry the degrees of the freedom of the dual graviton [23–26] which can be written in more
suggestive form by defining
cm,n1...n8 ” ǫn1...n8 ϕm . (4.6)
Similarly, the gauge field Aµ
M is split according to the decomposition (4.1) into
 
Aµ
M
(
ÝÑ tAµ
m, Aµ mn, Aµ kmnpq, Aµ m
n, Aµ
kmnpq, Aµ
mn, Aµ mu . (4.7)
Together with the surviving 8 components from (4.4) we count 256 vector fields which appears
to largely exceed the number of fields with possible eleven-dimensional origin. Rather, from
eleven dimensions we expect only the Kaluza-Klein vector fields Aµ
m together with gauge fields
Aµ mn and Aµ kmnpq from the 3- and the 6-form, respectively. Fortunately, many of the fields
in (4.7) do in fact not enter the Lagrangian (3.1). They are pure gauge as a consequence of the
invariance of the action under the vector shift symmetry (2.22). Indeed, closer inspection of
the covariant derivatives (2.18) and the Chern-Simons couplings (3.8) shows that out of (4.7)
5 Explicit expressions for the matrix exponential (4.5) have been worked out in [22].
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only the components tAµ
m, Aµ mn, Aµ kmnpq , Aµ m
nu enter the Lagrangian. More precisely, the
covariant derivatives on the scalar fields evaluated in the parametrisation of (4.5) are of the
schematic form
Dµckmn “ Dµckmn ` BrkA|µ|mns ,
Dµcklmnpq “ Dµcklmnpq ` BrkA|µ| lmnpqs ` BrkA|µ| lm cnpqs ,
Dµϕm “ Dµϕm ` ¨ ¨ ¨ ` BnAµm
n `Bµm , (4.8)
where we have denoted by Dµ the derivative covariantized with the Kaluza-Klein vector field
Aµ
m w.r.t. eight-dimensional internal diffeomorphisms. The unspecified terms in (4.8) refer
to nonlinear couplings involving the scalar fields ckmn and cklmnpq. Integrating out the gauge
field Bµm thus not only eliminates all the dual graviton components ϕm but simultaneously
eliminates all vector fields Aµ m
n from the Lagrangian. In this process, it is important that
the scalar potential (3.17) does not depend on the scalar fields ϕm. Indeed, invariance of the
Lagrangian under the shift ϕm Ñ ϕm ` cm is a direct consequence of the invariance under
generalized diffeomorphisms (2.5) with parameter Σm . This illustrates once more the role
played by the additional covariantly constrained gauge symmetries ΣM . Their presence and
associated gauge connection BµM allows us to establish a covariant duality relation involving
the degrees of freedom from the eleven-dimensional metric and subsequently to eliminate the
dual graviton degrees of freedom ϕm from the Lagrangian.
In turn, this procedure of integrating out Bµm induces a Yang-Mills-type coupling for the
vector fields Aµ
m in a standard mechanism of three-dimensional supergravities [34]. To see
this, note that the first line of the field equations (3.26) precisely relates the Yang-Mills field
strength Fµν
m to the scalar current as
Fµν
m “ ´eεµνρ j
ρm “ ´ eεµνρM
mnDρϕn ` . . . , (4.9)
with Mmn ” pV8V8
T qmn .
The resulting Lagrangian then only depends on the fields
tgµν ,V8, ckmn, cklmnpq, Aµ
m, Aµ mn, Aµ kmnpqu , (4.10)
corresponding to the various components of the eleven-dimensional metric, 3-form and 6-form.
Its field equations are proper combinations of the eleven-dimensional field equations and the
duality equation relating the 3-form and the 6-form. As an example, consider the field equations
(3.26). With the first line corresponding to (4.9), we observe that the pmnq-component of the
second line gives rise to
fmn,N
KBKE
pAqN
µν “ 0 ùñ Brk
`
F|µν| mns ` e j
ρ
mns εµνρ
˘
“ 0 , (4.11)
which can be integrated to the duality equation
Fµν mn ` eεµνρ j
ρ
mn “ BrmB|µν|ns , (4.12)
with an undetermined two-form Bµν n. The latter can be identified with the corresponding
component of the eleven-dimensional 3-form. Indeed, further derivation ǫµνρBρ of (4.12) shows
that it is compatible with the component
Fµνρm “ eεµνρ ǫmn1...n7F
n1...n7 ` . . . , (4.13)
18
of the eleven-dimensional duality equation (3-formØ 6-form) relating the field strength of Bµν m
on the l.h.s. to the 7-form field strength Fn1...n7 “ 7 Brn1cc2...c7s ` . . . , whose internal derivative
Bn1F
n1...n7 appears as a source in the field equation for Bµj
µ
mn. Equations (4.12) and (4.13)
can further be used to eliminate all components cklmnpq, Aµkmnpq from the eleven-dimensional
6-form from the equations, and the resulting equations of motion coincide with those coming
from D “ 11 supergravity with its standard field content.
On the level of the action, we get further confirmation from inspecting the scalar potential
(3.17). After parametrization (4.5) of the 248-bein, evaluation of (4.2), and truncation of the
external metric gµν to a warped Minkowski3 geometry, the potential reduces to the schematic
form
Vtrunc „ Rpgq ` F
2
p4q ` F
2
p7q , (4.14)
reproducing the contributions from the D “ 11 kinetic terms and Einstein-Hilbert term in the
internal directions in terms of the fields from (4.10). This can be directly inferred from the
analysis of [22] which obtains for the first line of (3.17) the expression (4.14) up to a term
F 2dual grav resembling a kinetic term for the dual graviton components (4.6). The role of the
second line in the full potential (3.17) (absent in [22]) is precisely to cancel this unwanted
contribution. Indeed, the form of (3.18) shows that after imposing (4.2), the extra term is of
the form
jM
N jN
M Ñ jm
njn
m “ MmlMnk pBmϕnqpBkϕlq ` . . . “ F
2
dual grav . (4.15)
Moreover, since the full potential (3.17) by construction does not depend on ϕm, this confirms
the result (4.14).
In view of the duality equation (4.13), the last two terms of the potential (4.14) both
correspond to contributions F 2klmn and F
2
µνρm from the original D “ 11 three-form kinetic
term. This shows the necessity of the F 2p7q term in (4.14), carrying the contribution of the
two-forms Bµν m which are not among the EFT fields in (4.10). The situation is different for
the graviton. The D “ 11 metric gives rise to the external and internal metric and the Kaluza-
Klein vector fields, all of which are already encoded in the E8p8q EFT and show up in (4.10).
Thus, there is no room for the inclusion of a ‘dual graviton’, for this would double the number
of metric degrees of freedom. Consequently, the match with D “ 11 supergravity requires that
the dual graviton term is absent in (4.14), as observed here. We conclude that there is no
‘dual graviton problem’. Summarizing, after rearranging all fields and coordinates of the E8p8q
EFT, putting the appropriate solution of the section constraint, the action may eventually be
matched to the one obtained by properly parametrizing eleven-dimensional supergravity in the
standard 3` 8 Kaluza-Klein split.
Let us finally mention that also IIB supergravity can be embedded into the E8p8q EFT (3.1).
Just as for the E6p6q and E7p7q EFT [1–3], there is another inequivalent solution to the section
conditions (2.7) that describes the embedding of the full ten-dimensional IIB theory [12, 13]
into the E8p8q EFT,
6 generalizing the situation of type II double field theory [35,36]. For E8p8q
6An analogous solution of the SLp5q covariant section condition, corresponding to some three-dimensional
truncation of type IIB, was discussed in the truncation of the theory to its potential term [37]. For a more
general discussion of section constraints and type IIB solutions see [38].
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the embedding of the IIB theory goes along similar lines as the D “ 11 embedding described
above, with the relevant decomposition E8p8q Ñ GLp7q ˆ SLp2q given by
248 ÝÑ p7, 1q`4 ‘ p7
1, 2q`3 ‘ p35
1, 1q`2 ‘ p21, 1q`1 ‘
`
p48, 1q ‘ p1, 3q ‘ p1, 1q
˘
0
‘ p211, 1q´1 ‘ p35, 1q´2 ‘ p7, 2q´3 ‘ p7
1, 1q´4 . (4.16)
The section constraint is then solved by having all fields depend on only the coordinates ym in
the p7, 1q`4 and setting to zero all components of BµM other than the Bµm in the p7
1, 1q´4.
5 Summary and Outlook
In this paper we have given the details of the E8p8q exceptional field theory. As discussed
in detail in the main text, the novel feature of this case is that the E8p8q valued generalized
metric MMN encodes components of the dual graviton but nevertheless allows for a consistent
(in particular gauge invariant) dynamics thanks to the mechanism of constrained compensator
fields introduced in [20] (that in turn is a duality-covariant extension of the proposal in [39]).
This mechanism requires the presence of covariantly constrained gauge fields, which in the
D “ 3 case feature among the gauge vectors entering the covariant derivatives. These fields are
unconventional, but seem to be indispensable for a gauge and duality invariant formulation.
They are a generic feature of the exceptional field theories, corresponding in each case to a
subset of the pD ´ 2q forms with D denoting the number of external dimensions [2, 3].
Studying the truncations of these theories to the internal sector (i.e. neglecting all external
coordinate dependence, external metric and p-form fields), it has been a puzzle for a while how
E8p8q generalized diffeomorphisms might be implemented as a consistent structure, given that
their transformations do not close into an algebra [16, 17]. In the full EFT the resolution is
remarkably simple. Also in this case there is a gauge-invariant action (3.1) and non-closure
of generalized diffeomorphisms simply indicates an additional symmetry: the covariantly con-
strained ΣM gauge transformations of (2.5). The associated gauge connection BµM then takes
care of the dynamics of the dual graviton degrees of freedom, just as the analogous pD ´ 2q
forms do in higher dimensions.
We have restricted the analysis to the bosonic sector of the theory, where generalized diffeo-
morphism invariance has proved sufficient to uniquely determine the action. We are confident
that the extension to include fermions and the construction of a supersymmetric action is
straightforward along the lines of the supersymmetric D “ 3 gauged supergravity [21]. The
fermions will transform as scalar densities under generalized diffeomorphisms (2.5) and in the
spinor representations of the local ‘Lorentz group’ SOp1, 2q ˆ SOp16q, as in [18, 32]. For the
E7p7q EFT [3] the full supersymmetric completion has recently been constructed in [40].
After completing the detailed construction of exceptional field theory for Edpdq, d “ 6, 7, 8,
the question arises whether one can go even further, perhaps starting with the affine Kac-Moody
group E9p9q. The pattern of compensating gauge fields in this case would suggest a new set
of ‘covariantly constrained scalars’ on top of the infinite hierarchy of fields parametrizing the
coset space E9p9q{KpE9p9qq. We refrain from further speculations.
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Appendix
A Closure of E8p8q generalized Lie derivatives
Before proving closure of the gauge transformations, it is convenient to first derive the following
Lemma:
fRUV f
UP
Kf
V Q
L BpP b BQq ” f
R
UV f
UP
rKf
V Q
Ls BP b BQ
“ ´
`
2δPrKf
QR
Ls ` η
RP fQKL
˘
BpP b BQq .
(A.1)
In order to verify this, we compute by repeated use of the Jacobi identity
fRUV f
UP
rKf
V Q
Ls “ ´f
R
U
P fU rK|V |f
V Q
Ls ´ f
R
U rKf
U
|V |
P fV QLs
“ ´
1
2
fRU
P fUQV f
V
KL ´ f
R
U rKf|V |
UP fV Ls
Q .
(A.2)
Inserting this form back into (A.1) we can apply in each term the lemma (2.13), which then
yields the right-hand side of (A.1). This completes the proof.
Next, we verify closure of the gauge transformations on a vector of weight zero,“
δ1, δ2
‰
VM “
`
δΛ12 ` δΣ12
˘
VM , (A.3)
according to the effective parameters (2.17). We compute for the left-hand side, first including
only the Λ transformations,“
δ1, δ2
‰
VM “ ΛK2 BK
`
ΛL1 BLV
M ´ fMNT f
TP
QBPΛ
Q
1 V
N
˘
´ fMNT f
TK
L BKΛ
L
2
`
ΛP1 BPV
N ´ fNPUf
UR
SBRΛ
S
1V
P
˘
´ p1Ø 2q .
(A.4)
Some terms cancel directly under the p1Ø 2q antisymmetrization, and one finds“
δ1, δ2
‰
VM “
“
Λ2,Λ1
‰L
BLV
M ´ fMNT f
TP
Q Λ
K
2 BKBPΛ
Q
1 V
N
` fMNT f
TK
Lf
N
PUf
UR
S BKΛ
L
2 BRΛ
S
1 V
P ´ p1Ø 2q .
(A.5)
Here, we denoted by r , s the conventional Lie bracket. It turns out, however, that the extra
terms in the E-bracket (2.17), as compared to the Lie bracket, vanish in the transport term due
to the section constraints, so that the transport term already has the desired form. We find it
convenient to work for now with a different but equivalent effective parameter,
ΛM12 “ Λ
N
2 BNΛ
M
1 ´ 7 pP3875q
MK
NL Λ
N
2 BKΛ
L
1 ´
1
8
ηMKηNL Λ
N
2 BKΛ
L
1 ´ p1Ø 2q . (A.6)
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Comparing then with the form of the gauge transformation w.r.t. this Λ12 we read off for the
remaining terms“
δ1, δ2
‰
V M “ ΛL12BLV
M ´ fMNT f
TP
QBPΛ
Q
12 V
N
` fMNT f
TP
Q BPΛ
L
2 BLΛ
Q
1 V
N ´ 7 fMNT f
TP
Q P
QK
RS BP
`
ΛR2 BKΛ
S
1
˘
V N
` fMNT f
TK
Lf
N
PUf
UR
S BKΛ
L
2 BRΛ
S
1 V
P ´ p1Ø 2q ,
(A.7)
where here and in the following we omit the representation label on the 3875 projector P, as
it can always be distinguished from its index structure. The terms in the first line are the ones
desired for closure, while the terms in the second and third line are extra. We next have to
show that these are zero or else can be brought to the form of ΣM gauge transformations.
We investigate terms with BΛBΛ and ΛBBΛ separately. The latter originate from the second
term in the second line. Inserting the projector (2.4) we compute
´7 fMNT f
TP
Q P
QK
RS Λ
R
2 BP BKΛ
S
1
“ ´
1
2
fMNT f
TP
Q
”
2 δ
pQ
R δ
Kq
S ´ f
U
R
pQfUS
Kq
ı
ΛR2 BP BKΛ
S
1 .
(A.8)
Writing this out yields four terms, two with ff and two with ffff . Using the lemma (A.1) we
can then reduce the ffff terms to ff terms. After some algebra, one finds that all ff terms
cancel, proving that the ΛBBΛ structures in (A.7) actually drop out. Next, we turn to the BΛBΛ
structures. The strategy here is to implement the antisymmetry in p1 Ø 2q by decomposing
the terms into structures of the form BpPΛ
rR
2 BKqΛ
Ss
1 and BrPΛ
pR
2 BKsΛ
Sq
1 . In the former, ffff
terms can then be reduced to ff terms by means of (A.1). After some algebra, one then finds
for the terms in the second line of (A.7)
´7 fMNT f
TP
Q P
QK
RS BPΛ
R
2 BKΛ
S
1 ´ p1Ø 2q
“ ´2 fMNT f
TP
Q BrPΛ
pQ
2 BKsΛ
Kq
1 ´ f
M
NT fS
UQfU
K
RfQ
PT BrPΛ
pR
2 BKsΛ
Sq
1 .
(A.9)
Combing with the first term in the second line of (A.7) one obtains
fMNT f
TP
Q BPΛ
L
2 BLΛ
Q
1 ´ 7 f
M
NT f
TP
Q P
QK
RS BPΛ
R
2 BKΛ
S
1 ´ p1Ø 2q
“ 2 fMNT f
TP
Q BpPΛ
rK
2 BKqΛ
Qs
1 ´ f
M
NT fS
UQfU
K
RfQ
PT BrPΛ
pR
2 BKsΛ
Sq
1 .
(A.10)
Next, we have to simplify the terms in the third line of (A.7). We first note that the antisym-
metrization in p1Ø 2q imposes an antisymmetrization of the T,U indices in fTKLf
UR
S. This
structure can thus be written as
2 fMNrT f
TK
|Lf
N
P |U sf
UR
S BKΛ
L
2 BRΛ
S
1 “ ´f
M
NP f
N
UT f
TK
Lf
UR
S BKΛ
L
2 BRΛ
S
1 , (A.11)
where we used the Jacobi identity for the contraction of the first and third structure constant.
In this form the antisymmetry in p1Ø 2q is manifest. Next, we can decompose the index pair
in BKΛ2 BRΛ1 into its symmetric and antisymmetric part. Applying then for the symmetric
part the lemma (A.1), one finds after some straightforward algebra that these terms equal
pA.11q “ fMNP f
N
TUf
TK
Lf
UR
S BrKΛ
L
2 BRsΛ
S
1 ´ f
M
NP f
RN
S BpKΛ
K
2 BRqΛ
S
1
` fMNP f
RN
L BpKΛ
L
2 BRqΛ
K
1 ´ f
MK
Pf
R
LS BpKΛ
L
2 BRqΛ
S
1 .
(A.12)
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Combining now (A.10) and (A.12) in the gauge algebra (A.7) one finds that the ffff terms,
after relabeling of indices, combine into
´ fMNT f
UK
R
`
fSU
QfQ
PT ´ fS
PQfQU
T
˘
BrPΛ
pR
2 BKsΛ
Sq
1 V
N . (A.13)
The terms in parenthesis can now be combined by the Jacobi identity to give the structure
fS
TQfQU
P , after which it follows with the Lemma (2.13) that this term vanishes. The ff
terms combine to give the following final result“
δ1, δ2
‰
VM “ δΛ12V
M ´ fMKP
`
fRLS BpKΛ
L
2 BRqΛ
S
1
˘
V P . (A.14)
As required, the extra term can be interpreted as a ΣM gauge transformation, so that we
established in total“
δ1, δ2
‰
VM “ δΛ12V
M ` δΣ12V
M , Σ12M “ ´f
N
PQ BpMΛ
P
2 BNqΛ
Q
1 . (A.15)
Note that the ΣM gauge parameter is manifestly covariantly constrained in that its free index
is always carried by a derivative. This completes the proof of closure. Finally, we may redefine
these gauge parameters by trivial parameters of the form (2.12),
χK “
1
4
fKPQΛ
P
2 Λ
Q
1 . (A.16)
This brings the gauge algebra into the equivalent form (2.17) that we used in the main text.
We finally note that the closure of Σ and Λ transformations as indicated in (2.17) follows by a
straightforward computation that uses the Lemma (2.13) for the constrained parameters ΣM .
This concludes our proof of closure of the E8p8q generalized Lie derivatives.
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